YCTP-P7 -98 
hep-th/9804104 



Donaldson invariants 
for 

non-simply connected manifolds 



Marcos Marino and Gregory Moore 

Department of Physics, Yale University 
New Haven, CT 06520 
marino@genesis5.physics.yale.edu 
moore@castalia.physics.yale.edu 

We study Coulomb branch ("u-plane") integrals for A/" = 2 supersymmetric SU{2), SO{3) 
Yang-Mills theory on 4-manifolds X of bi{X) > 0, = 1. Using wall-crossing ar- 

guments we derive expressions for the Donaldson invariants for manifolds with bi{X) > 
0,b^{X) > 0. Explicit expressions for X = CP^ x Fg, where Fg is a Riemann surface of 
genus g are obtained using Kronecker's double series identity. The result might be useful 
in future studies of quantum cohomology. 



April 11, 1998 



1. Introduction 



The Donaldson invariants of four-manifolds have been a source of fascination both in 
mathematics and in physics. While there has been much progress in understanding these 
invariants, there is more to learn, particularly in terms of the relation of the invariants to 
Floer homology [|l| and to Gromov- Witten invariants . Understanding the invariants 
in these contexts leads to the need to understand the Donaldson invariants for non-simply 
connected four- manifolds X. Most investigations of Donaldson invariants have focussed on 
the case tii{X) = 0. There exists a mathematical definition in the non-simply connected 
case 0] but comparitively little is known about this case. This paper derives some new 
results on Donaldson invariants for 4-manifolds with first Betti number bi{X) > 0. We do 
not consider the effects of torsion in H^{X; 2), nor the effects of a nonabelian fundamental 
group. 

Recently, using Witten's physical approach to Donaldson theory 0000, a fairly 
systematic (physical) procedure has been developed for deriving various properties of the 
Donaldson invariants, including wall-crossing and blowup formulae, and the relation to 
Seiberg- Witten invariants [IT] [|T^ The systematic procedure, which begins with 
certain integrals over the Coulomb branch of vacua of an A/" = 2 SYM theory can be 
extended to higher rank gauge groups and to nonsimply connected manifolds. In P] |T0| 
partial results were obtained for nonsimply connected manifolds. In this paper a more 
complete treatment is given for the rank one groups 5't/(2), 50(3). 

Our main results are: 

1. A wall-crossing formula for the Donaldson invariants in equations (3.4) and (3.16) 
below. 

2. An expression for the Donaldson invariants in terms of SW invariants. For manifolds 
of simple type this is given in equation (4.17) below. It is a natural generalization of 
Witten's formula 0, obtained in the simply connected case. 

3. Explicit expressions for the Donaldson invariants for X = CP^ x Fg where Fg is a 
Riemann surface of genus g. We give answers valid in both the chambers vol((DP^) 
and vol(Fg) 0. 

The expressions in equations (5.18), (5.20) below might prove useful in future studies 
of the Gromov- Witten invariants of the moduli space of fiat connections on Fg. 
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2. The u-plane integral for 61 > 0. 

In this section we extend and elaborate on the results of section 10 of 0. We consider 
an arbitrary insertion of observables, using the proposal for the contact terms in [l^ . 



Consider an A/" = 2 SU{2) or SO{3) supersymmetric Yang-Mills theory on a compact 
oriented 4-manifold X of bi{X) > 0. As explained in the Donaldson- Witten generating 
function can be written as Zdw = Z^ + Zsw where is the Coulomb branch integral and 
Zsw is the contribution of the Seiberg- Witten invariants. The Coulomb branch integral 
is only nonvanishing for = 1, but, by a procedure explained in 0[jl2| can be taken 

as the starting point for a systematic derivation of Z^w- In the case of bi{X) > the 
Coulomb integral can be obtained by a simple generalization of the arguments in section 
three of 0. First of all, the photon partition function includes ^ an integration over bi 
zero modes of the gauge field corresponding to flat connections. These zero modes span 
the tangent space to a torus of dimension 61, T^^ = H^{X, JR) / {X , 2). The zero modes 
of the one-forms "0 live in this tangent space. As a consequence of having these extra zero 
modes, the photon partition function is 

(Imr)^(^^-i)^o(r,r), (2.1) 



where 6*0 (r, r) is the Siegel-Narain theta function introduced in [p| [p^ IP]. 



The next ingredient comes from the measure for the i/'-flelds. The expansion in zero 
modes reads ip = Yl^iLi CiPi, where i = 1, . . . , 61 is an integral basis of harmonic one- 
forms, and we identify n^{X) ~ H^{X, 2). The c,- are Grassmann variables. The measure 
for the '0 flelds is then: 

n-^ = (Imr)-^nrfc.. (2.2) 

■7 Imr 2 -^-^ 

1=1 ^ ' 1=1 

We can consider the q as a basis of one -forms pf G H^{T^^ ,'^), dual to (3i G 
H^{X, Z). In this way we can identify 

61 

^P = J2P^®P! = CliC), (2.3) 
where C is the universal flat line bundle over T^^ x X. 



^ For simplicity we do not include hypermultiplets. 
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Taking into account (|2.1|) and (|2.2D , we see that the Coulomb integral (without any 
insertion of observables) can be written as [H: 



2 l[dadadr]dx] [ # / dDA'^B^y-^''^ 

J Jpic(X) J 



exp 



— / (ImT)D A *D 



exp 



iPic{X) 

-;^\2 ■ x2 



z7rrA_|_ — z7rrA_ + 7rz(A, ty2(-^)) 



exp 



f df 



18W ,-i'KA(fl+-f4.A+) + 



iV2 /■ rfr 



(2.4) 



1 



3 ■ 2^^ni / da^ 



2^n 

d^T 



{i/j A i))A{4nX- + D+) 



da 

ip Aip Aip Alp 



where /pj^^^^ denotes a sum over line bundles and an integration over T^^ . The integra- 
tion over ip is understood as integration of differential forms on T^^. The orientation of 
the measure of the finite-dimensional integral ( |2.4| ) corresponds to a choice of Donaldson 
orientation of the moduli space of instantons ||15|| . 

Consider now the generating function for an arbitrary insertion of zero, one, two and 
three observables. We introduce the formal sums of cycles 
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(2.5) 



1=1 



1=1 



i=l 



where 5^, z = 1, . . . , 6i, S'i, i = 1, . . . , 62 and i = I, 



63 = 61 are a basis of one, two. 



and three cycles, respectively. The basis of one-cycles Si is dual to (3i G if^(X, 2). The 
Xi are complex numbers, and Q, 9^ are Grassmann variables. The insertion of observables 
corresponding to these cycles is 



ai 



Ku + a2 I K-'u + as / K'\, 

S3 



(2.6) 



where ai, 02 and 03 are constants that should be fixed by comparison to known mathemat- 
ical results. The constant for the two-observable has been already fixed in 0, 02 = z/a/^tt. 
K is the canonical descent operator in the normalization of 0, and we have, explicitly: 



Ku 



1 du 
4V2 da 



V', 



1 d'^u , , \/2 du ,^ ^, 
K^u = -^^^^^ Alp Alp - —-^ip A {F+ + D) — — {2dx - *dri). 



(2.7) 



v/22^ (ia3 



16 rfa2 



8 da 



In addition, we have to take into account various contact terms associated to the inter- 
secting cycles [p[|10[. These come from intersections of two, three and four cycles on the 
manifold X . For the intersection of two cycles we have 



SnS e Hoix.T), E^n-f e Ho{x,T), 
ns e Hi{x,T), nE^ e H2{X,T). 

For intersection of three cycles, we have the possibilities 

SnE^nE^ e Ho{x, 2), n n g Hi{x, Z), 

and for intersection of four cycles we only have the possibility 

n n n G Ho{x, Z). 



(2i 



(2.9) 



(2.10) 



The contact term corresponding to fl was obtained in ||^ . A proposal for the structure 
of the contact terms corresponding to more general intersecting cycles was made in |1T0[] . 
According to this proposal, the contact term associated to the intersection of p cycles is 
given by the appropriate descendant of the p-th derivative of the Seibeg-Witten prepo- 
tential with respect to a deformation parameter tq. Moreover this deformation 

parameter tq can be related to the dynamically generated scale of the theory A (in the case 
of the asymptotically free theories) or to the microscopic gauge coupling, in the case of 
self-dual gauge theories. For SU{2) M = 2 supersymmetric Yang-Mills theory, the relation 
between tq and A is given by A'^ = e*'^^" . This is related to the fact that A can be identified 
with the first slow time of the Toda-Whitham hierarchy [jl^. Following the proposal of 
T0[] the contact terms for the various intersections in ( |2.8| ), ( p.9| ) and (|2.10| ) are of the form 



S^T{u) + ai3T(^.)(E3 n 7) + 032 / KT{u) + 033 / 
+ a33334„^)(E3nE3nE3nE3), 



(2.11) 



where the a's are constants which will be determined below. In this equation, Ttq denotes 
the p-th derivative of the prepotential with respect to tq, and T{u) = {4/Tri)J^ro ■ The 



contact term for S f] S can be written as fT^ [jTT 

T(u) = 



du 

2u — a— 

da. 



(2.12) 



The constants a^j, aijk and aijki will be obtained in terms of a^, i = 1,2,3, using single- 
valuedness of the integrand on the w-plane. Notice that one expects, on physical grounds, 
that ttij is proportional to a^aj, and so on. 

We can already plug the observables ( |2.6D and the corresponding contact terms ( |2.11j ) 
into the generating function and write an explicit expression for the w-plane integral. It 
is important, however, to check that the resulting expression has good properties under 
duality transformations, that is, that the integrand is single-valued in the w-plane. This is 
not obvious due to the holomorphic "functions" that appear in (|2.7|) and ( 2.11j ) . Following 
the strategy of |]^, we will first of all integrate the auxiliary field D. Comparing to the 
expressions in the simply-connected case, we see that the new terms coupling to D appear 
in the combination 

7 rill r ~" 

{47rX-+D)AS (2.13) 



i du 
4tt da 
where 



~ ^ dr , , 3tt d'^uda , /- . dT . 

S = S- ^-ri^ A -f — aa-^— ^ A E3 - v^yrzass-rS' A E^, (2.14) 
32 du Ai da^^ du du 

and we interpret Ti^ as a harmonic one-form using Poincare duality and the Hodge theorem. 
To guarantee that the resulting lattice sum over first Chern classes is well-behaved under 
duality transformations, the two-form S should be invariant under duality. To achieve 
this, we redefine the tj) field as 

7 , 127r d'^u da^^ ,^ ^ ^, 

Then, if we choose 

033 = -gyr^ai (2.16) 

S becomes 

^ = ^- ^^^A^ + ^!^alE3 A E3. (2.17) 

We then see that, if is a modular form of weight (1,0), then 5" is a modular form of 
weight zero. Notice that the redefinition of in ( p.l5|) does not change the ij} measure. To 
obtain the above expression for 5", we have taken into account that 

^ .dT ^d'^u^da .du 
da V da"^ ) dr da 

Once this redefinition has been made, the w-plane integral involves a lattice sum 
identical to the one in the simply-connected case but with the substitution S ^ S, and 
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additional holomorphic insertions (coming from the observables and contact terms) that, 
once they are reexpressed in terms of i(; and S, should be modular forms of weight zero. 
This is in fact the case for appropriate choices of the constants in ( |2.11| ). The computation 
is lengthy but straightforward. Duality invariance fixes all the constants in ( |2.11|) in terms 
of ai, 02 and a^. The final result is: 



«i3 = — 67r^aia3, 032 = — 6\/27ria3, 
a332 = -72\/27Tial, 0333 = 367r^m3, 
^3333 = -216n^ial. 



(2.19) 



The w-plane integral is therefore given by 
dxdy 



2pu + S'f{u) + ^u^iSj') 



1/2 ^(^) / dtp exp 

fO(4)\-H y ' JpiciX) 

ai du f ~ r n r, 9 X Sttz du , ~ ~ ^q. 



+ 
+ 
+ 



3\/27r' 



{dT\'^~A \pi'Ki dr.- 



^^„3^(,..E3) (2.20) 



aqW — (i/;2,E2 A E^) al— tp AE"" AE^ AE" 

^ ' ' 256 ^ da ' ^ 



64 
1357r6 
16 



a^w(E3 n E^ n E^ n E^ 



X 



where 



v&(^) =exp(2i7rA^)exp[-^(^)2^2] 



J2 

A6H2 + iu.2(E) 

exp[-i^(^-, A_)] 



T(?i) = T{u) + 



-inf{X+f - mT{\-f + 7rz(A - Aq, W2{X)) 



(A+,cu) + --^^(5'+,cu) 



47ry da 



1 



/du\'^ 
87rlmr V (ia / 



^2.21) 



Notice that, in the above exponential, all the terms are modular forms of weight zero if ip is 
a modular form of weight (1, 0). There is another check one can do of the above functions: 
one can formally assign an i?-charge to the cycles in such a way that the observables have 
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i?-charge zero, namely: -R(7) = —3, R{S) = —2, i?(E'^) = —1. Taking into account that 
R{i(^) = 1, R{a) = 2, we see that the definitions of '0, S are consistent with this i?-charge 
assignment and that, moreover, aU the terms in the exponential of ( |2.2C1| ) have zero R- 
charge. This is in fact an example of Seiberg's trick since the insertions of ( |2.6| ) ( PTTT| ) may 
be regarded as operators in some UV theory {e.g. in a brane configuration). 

The remaining constants ai, as will be fixed below by comparing to certain topological 
results [jl^. In principle, the coefficients in ( |2.2C1|) are fixed by the proposal of equation 



(2.14) of the first paper in [10]. Although we find the proposal of Losev, Nekrasov, and 
Shatashvili natural, because of the many conventions involved we have not checked that 
the coefficients derived in ( ^.20| ) are consistent with their equation (2.14). 



3. Donaldson wall-crossing 

In this section we want to compute the wall-crossing formulae associated to the region 
at infinity of the w-plane. To compare to mathematical results, it is better to write the 
expression in terms of "0, 5". There are two standard mathematical facts for manifolds of 
6j = 1 that will be very useful in writing the resulting wall-crossing formula [jl^. First, 
for any (32, (3s and (3^ in H^{X, 2), one has (3i A (32 A (3s A (34^ = 0. Second, the image 
of the map 

A: H\X,X)®H\X,X) — >H^{X,X) (3.1) 

is generated by a single rational cohomology class E (not to be confused with the three- 
cycle E"^). We introduce now the antisymmetric matrix aij associated to the basis (3i of 
H^{X, Z), i = 1, . . . , 6i, as (3i A (3j = aijT,. Finally, we introduce the two-form on T''^ as 

^ = J2('^jP!^PI (3.2) 

i<j 

which does not depend on the choice of basis. This is a volume element for the torus, 
hence 

(For the manifolds under discussion hi is even.) As a simple example, ii X = (DP^ x Fg, 
where Fg is a Riemann surface of genus g, then E = [CP^] (the Poincare dual to the 
two-homology class of CP^) and vol(T^i) = 1. 

With all these ingredients, we can already write the wall-crossing formulae. Notice 



that, because of the first fact, many terms on the w-plane integral (|2.21| ) vanish. We 
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will write the formula first for an insertion of two and four observables. In this case, a 
straightforward generalization of the arguments in ^ gives: 

WC{X) = -32z(-l)(^-^»'"'2(^))e2"*^o(8z)-^i/2 



\ 32 Kda"^ 2tx da ' J j 



where we use the value obtained in for the universal constants a, /3, and 



(3.4) 



(3.5) 



We can actually compute the integral over T^^ and give an expression in terms of modular 
forms which generalizes the expressions given in Jl^ [|19| . Using the explicit expressions 
given in |^] for the Seiberg-Witten solution in terms of modular forms, we find that 

= 4 f 1 f 1 _ 

da TT 



where 



da 



fliq) = -^^^ = 1 + 24? / + 

f2{Q) = ^t:^ = Q 



(3.6) 



2^1 



(3.7) 



Using O and (|3) we find 



i/;2 = 2(E®0), (3.8) 
hence we can perform the integral over T^^ to write a very explicit expression for (| 



WC{X) = -I(-l)(^-^o,«;2(X))g2^zAg2-&i/4^ol(T^i) 

q-^'/^h{Tf'-^{}l exp|2pu + S^T{u) - z(A, S)/h^ 



(3.9) 



bi/2 
6=0 



1 fbi/2 



(8z) 



bi/2-&-l 



(^, S)^(A,E) 



bi/2-h 



Notice that this result confirms the conjecture in p. 18 of [T^]. As a check of this expression, 
and also to fix an overall coefficient depending on hi, we will compute the wall-crossing for 
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the correlator S'^~'^'^ on a ruled surface, where d is half the dimension of the moduli space, 
and compare it to the expressions in [IT^. Introduce the integer cohomology class C, = 2A. 
In [jl^, Muhoz computes the wall-crossing for walls satisfying = pi and C'^ = Pi + 4, 



where pi is the Pontryagin number of the instanton bundle. For = Pi, it is easy to 
see that only the first coefficients in the expansion in q contribute to ( ^.9| ), and there is 
no contribution from the contact term T[u). To compare the formulae, notice that we 
have to multiply our wall-crossing expression by r\[d — 2r)!, as we are considering the 
Donaldson- Witten generating function. We finally obtain, 

ScM^P" = -(-l)(^-^0'™2(^»(-0^'^^2-3^^/4-f'-<^(-l)'^+Vvol(T''0 

bi/2 1^., / , X (3.10) 

If we compare with [ p!7| , we find perfect agreement except for an overall factor 1/2 (a 
standard discrepancy between topological and quantum field theory normalizations), and 
a factor [—i)^'^/'^2~^^^/^. The latter factor is due to the normalization of the fermions in the 
physical theory. In order to make the identification in (|2.3|) and to use the normalization of 
topologists, we have to correct the ip measure with an overall factor ^^i/229^i/4 As we will 
see in the next section, with this normalization the above formula gives the right answer 
for the generalized Seiberg- Witten wall-crossing formula of |2^ [|21| . The case = + 4 



also agrees with [^. In this case the computation is more involved, as one has to take 
into account the first two coefficients in the g-expansion of the various functions in ( |3.9| ). 

We consider now an arbitrary insertion of observables associated to one, two, and 
three cycles. We have new contact terms as well as new terms in the integration over the 
torus. To write these in a convenient way, notice that we can use Poincare duality and the 
isomorphism Hi{X, Z) ^ H^{T'^^ , 7L) to obtain a one- form E^tt in H^{T^\1L). Define 

^^«0 = E«'^P'^!- (3.11) 

V 

Using O, we find 

V' AE^ = (6s3»0)E, (3.12) 

In the same way, using the isomorphism Hi{X, 2) ~ H^{X, 2) given by 6i ^ jSi, we can 
define 7*' = Yl'iLiCiPh where the d were defined in (|2.5|). We then obtain, using ( |27^ ) 
again, 

V' = 7". (3.13) 
9 
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The functions appearing in the it-plane integral can be written in terms of Jacobi 
theta functions and Eisenstein series as follows, 



(3.14) 



where 

fs{q) 
h{q) 



1 



16^?2^?3 
1 



7/8 



(3.15) 



The wall-crossing formula now reads, 

WC{X) = -i(-l)(^-^o,-2(X))g2.zA^2^6,/4(_^^)b,/2 



-^'/2^,r^^&l-2 



+ 18V27r^ial{E^ n n S)U{q) - i{X, S)/h - 72^27:^ alh{q){T.^ A A) 



exp 



2(P(g), E)0 + (i?(Q), E)65,3,n + Q(q)7« 



(3.16) 



where 



P{q) 



iV2 
16^ 



/i(?)^ + 8z/2(?)A 



i?(g) =37ra3(^4z/3(Q)5-/i(Q)A 
V2ai 1 



(3.17) 



In the case of ruled surfaces and for = Pi, we find again agreement with the expressions 
obtained by Muhoz. In fact, comparing to the formula in p. 13 of [T7], we can find the 
values of ai, 03: 

(3.18) 



a, = 7r-i/223/4e-^, as = ^^2^/^^. 
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4. The Seiberg-Witten contribution 

We can now follow the strategy in and find the form of the Seiberg-Witten contribu- 
tion at the monopole and dyon cusps. We focus on the monopole cusp, as the contribution 
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at the dyon cusp can be obtained using the IL2 symmetry on the w-plane. In fact, as 
the functions involved in the monopole contribution are universal and they have been ob- 
tained in in the simply-connected case, we will be able to derive the general wall-crossing 
formula of [|g[|Tl. 



A crucial ingredient in the discussion of the Seiberg-Witten contribution for non- 
simply connected manifolds is that we have to consider generalized Seiberg-Witten in- 
variants, i.e., we have to consider correlation functions of one-observables. Recall that the 
basic observable in Seiberg-Witten theory is the two-form au on A^a- The first descendant 
of azj (in the topological field theory associated to the Seiberg-Witten monopole equations) 
is '0, which is a one -form on X and also a one- form on TVIa- It can be written as: 

&i 

^ = Y,VS^. (4.1) 

where fii G H^{X, 2), i = 1, . . . , 61 is the basis of one-forms considered before, and 

V; (4.2) 



Si 



are the one-observables of Seiberg-Witten theory. The generalized Seiberg-Witten invariant 
associated to the one- forms (3i, . . . , (3r is defined by intersection theory on Aiy. 

SW{X,(3iA---A(3r)= I UiA-'-AUrAa'^, (4.3) 
where dx = — (2% -|- 3cr)/4 is the virtual dimension of A4x. These generalized invariants 



(and their wall-crossing) have been considered in 



The Seiberg-Witten twisted Lagrangian near u = 1 (with the monopole fields included) 



can be written as H 11 



{Q,W} + -^fmF AF + p{u)TrR A R 

+ i(u)TrRAR- ^^^(ijAi;)AF (4.4) 
i d'^TM , , , , 

and, as we see, the terms which are not Q-exact do not depend on the metric. The 
exponentiation of the terms involving the densities TtRAR, TtRAR gives, after integration 
on X, the gravitational factors P(w)'^/^, L(w)^/^ considered in |p. The term involving FAF 

11 



gives a factor C{u)'^ where F = AnX and C{u) = e"^'^*'^*^. The terms C{u), L{u) and 
P{u) are universal (they do not depend on the manifold X) and they were found in 
using matching of wall-crossing in the simply-connected case. They can be written as 



L(u) = Ilia . , „ - , 

V du 

P{u) = -7T^(3'a-^\u'-l), (4.5) 

C{u) = , 

QD 

where qo = e^^*"^^. The last relation tells us that the gauge coupling tm appearing in 
( ^^) is given by 

= TD- 7r~^°g ^D, (4.6) 

and therefore it is smooth at the monopole cusp. This defines the prepotential J^Mi^D) 
through the equation J^p^{aD) = tm- 

First we analyze the Seiberg-Witten contribution when only two and four observables 
are introduced. It can be written as 

(eP^+^^(^))A,.=i = / 2e2-(^o-^+^o)c(z,)^V2p(^)<x/8^(^)x/4 

■ exp (2pu + ^) + 'S'^Tm(w-) j exp (Pm(w), E) ^ aiji'ii' 

(4.7) 

where 

which is the magnetic version of the function in the T^^ integral of ( |3.4]) , but with the 
smooth coupling constant ( [4.6| ). When we expand the exponential involving the one- 
observables, we obtain the generalized Seiberg-Witten invariants with 2b insertions, b = 
0, . . . , 6i. The final expression is: 



bi/2 



bl 

6=0 



u 



,x/4 



• exp {2pu + i-^{S, A) + S^Tm{u)^ a-'^/'+'-'(PM(«), S)' 

bl 

• ■ ■ ■ a,,j,SW{X, (3,, A A • • ■ A A, A (3j,). 



(4.9) 
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On the other hand, the waU-crossing formula for the w-plane integral near u = 1 can be 
written as 



• Res 



a£)=0 



In [in -1) 



(4.10) 



du 

exp ( 2pt. + i^iS. A) + ^^^mI^^) ) (P(?d), S) 



bi/2 



where we have included the extra factors depending on bi that we obtained in the previous 



section by comparing to the expressions in [jT^. Notice that, from (|4.6|) , one has 



\/2 1 

P{qD) = Pm{u) + i-^ A, 



647r ao 



(4.11) 



and ( fl.lOp can then be expanded as: 



WC{\) = 2ni{ ^)^'^^a^/3'^e2*'^(^°-^+^o)vol(T''i) 



2^ , )Res„^=o 



6=0 



-XV2f. 2 ,^^'^Y'^( 2 r 



cr/S 



(4.12) 



exp 2pu + i- — (5", X) + S Tm(u] 



Now we can compare the expressions for wall-crossing obtained from ( [4 .91) and ( [4.12|) . 
Notice again that, to identify the fields i/^ with the one-observables in ( [4 .21) we have to be 
careful with possible normalization factors needed to agree with the normalization used by 
topologists. But for the terms with no insertions, i.e. 6 = in ( |4.9D , we should be able to 
obtain the wall-crossing formula for this Seiberg-Witten invariant. In fact, we find: 



WC{SW{X)) 



bi/2^ 



(4.13) 



As A G H^{X, Z) -|- ^W2{X), and 2 A is the determinant line bundle of the corresponding 
Spin*^ structure, we find perfect agreement with [^^[^ (notice that the wall-crossing 
formula in Theorem 1.2 of should have an extra factor of 2~^^/'^). For the wall- 
crossing of Seiberg-Witten invariants with one-observable insertions, the general formula 



of is (in our notation): 



5i — r 



(A,E) 



— / |3\^■■■ ^|3l^n— 



(4.14) 
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and we see that, if we introduce a normalization factor 2 ^/^tt ^/^z for the fields ip, we 
obtain from the matching of wall-crossing the expression 

b 



^ a,,j, ■ ■ ■ a,,j,WC{SWiX, A, A A ■ ■ ■ A (3,, A J) = 




again in agreement with ( [4.14| ). The expression ( |4.14 ) can be actually derived by consid- 



ering general insertions of one and three-observables. 

We then see that, in general, the Donaldson invariants for a non-simply connected 
manifold should be written in terms of the generalized Seiberg-Witten invariants, and only 
in this case we have consistent formulae for matching of wall-crossing. When we include 
arbitrary observables associated to one- and three-cycles, the above expressions are more 
complicated and we have to take into account the terms involving 7 and E^, as well as the 
new contact terms. 

For manifolds of 6 J > 1, all the contact terms appear in the Seiberg-Witten contri- 
bution. They are given by the expression in ( |2.11| ), where the prepotential is now the 
prepotential J-'m{0'd) (notice that, as all the contact terms are regular at the monopole 
cusp, we can take as well the dual prepotential J-^d{cld))- In general we have a compli- 
cated expression which can be written explicitly using the previous results. In the simple 
type case, d\ = 0, the Seiberg-Witten moduli space consists of a finite set of points and 
counting them with appropriate signs we obtain SW{\). We only have to compute the 
different functions at w = 1 (the first term in the expansion in gd)- Using also (|3.18| ), we 
can already write an explicit expression for the SW contribution of A to the Donaldson 
invariants at w = 1, with an arbitrary insertion of observables: 



We see that the contact terms give, on the one hand, new contributions which depend 
on the intersection theory on X. On the other hand, there is a term coming from the 
intersection of the two-cycle E"^ fl E"^ with the Poincare dual of the basic class A, as was 



exp|2p + -s^ - (e3 n 7) - -(e3 a e3, s) + -(e3 n e3 n e3 n e^)} (4.16) 
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suspected in ^ using the cosmic string approach. Notice that aU the coefficients in ( [4.16| ) 
are real, as needed for consistency. 

We can now write an expression for the Donaldson invariants of non-simply con- 
nected manifolds of simple type, summing over the basic classes and considering both the 
monopole and the dyon contributions. Using the Z2 symmetry on the w-plane, and taking 
into account the i?-charges of the different terms in ( [4.16|) , we obtain: i 

= 21+^+^ ( exp|2p + _ ^5^3 p ^) _ 1 ^ 5.3^ + -L(e3 n S3 n e3 n e^)) 

\ 1 2 4 96 J 

■ J2 e'*"^^°'^+^o^ W(A) exp|2(5. A) - ^(E^ A E^ A)} 

A 

+ i(^) exp(-2p - Is^ + (e3 n 7) + ^(e3 a e3, s) - ;i(E3 n e3 n e3 n E^)) 

12 4 96 J 

. ^g2z^(Ao-A+A^)^^^^^ exp|-2i(^. A) + ^(E^ A E^, A)}"] . 

A ^ 

(4.17) 



5. Donaldson invariants for product ruled surfaces 

In this section we will use the above results and the formulae in section 8 of |P] to write 
general expressions for the Donaldson invariants of product ruled surfaces X = CP^ x F„, 
where F, i. a Riemann surface of genu. «. i For these manifold.. 6, = 2«, 6, = 2, 6+ = 1, 
SO a = and x = 4 — 2bi. H'^{X, 2) is generated by the cohomology classes [CP^], [Fg], 
with intersection form 11^'^. Consider a general period point uj given by 

u{e) = ^{e'[€P']+e-'[Fg]). (5.1) 

The standard constant curvature metrics for (DP^ , Fg give natural representatives for 
[CP-*^], [Fg\. Thus, choosing coordinates z G C for CP^ and representing Fg (for g > 1) as 
a quotient by a Fuchsian group of the the Poincare disk: V = {w : \w\ < 1} , Mfe have 

i dw A dw 



[cpi] - 



|. , i dz A dz 



27r(l + U|2)2^ 



2 Curiously, the coefficient of (T,^)^ is 1/96 = 2^^ • 3^^. The factor of 3 would seem to imply 
divisibility properties by 3 for certain intersection numbers. These are easily confirmed in simple 
examples, but we did not find a general proof. 

3 This case has also been discussed in eq. (2.15) of [jl 
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A metric with period point ( ^.11) then has scalar curvature 87r(e — e~ {g — 1)) and wiU 
hence be positive for e^^ > g — 1. By |^ there are no SW contributions to the Donaldson 
invariants for this metric. Thus, to compute the invariants in the chamber corresponding 
to the limit of a small volume for (DP^ (with 9 positive and large) , we need only evaluate 
the u-plane integral. 

The value of the integral depends on the non-abelian magnetic flux W2{E). The 
vanishing argument of section 5 of |P] applies when W2{E) ■ [CP^] 7^ 0, (i.e. there is 
nontrivial flux through the small rational flber). In this case we have simply that = 0. 
Now consider W2{E) = 0. Here we can use the computation of section 8 of 0. To 
do this, we choose the primitive null vector z = [CP^] = E. The expression derived 
in will be valid as long as z'^ = {z,uj)'^ is small, which is the case in the chamber 
under consideration (corresponding to 9 large and positive). If we consider the expression 
( p.20| ) on a product ruled surface, we see that it involves a lattice sum \E'(5') and a term 
involving the observables and the measure. From this last term we can derive an expression 
generalizing the holomorphic function / appearing in section 8 of 0]: 



/ 



8ni 



dT\^-9 du 
duJ dr 



■ exp 



1 



2pu+ [S^ - -{S,E^ AE 



+ 



ai du 
4a/2 da Jx 



i/' A [7] - w(E^ n 7) 



8 da 



(5.3) 



where we have taken into account the relation ( |2.17|) , and a^ is given by (|3.18 ). We also 
have that {S, z) = {S, E). Using the computation leading to equation (8.15) of 0, we see 
that the Donaldson invariants of product ruled surfaces in the limit of a small volume for 
(DP^ and for W2{E) = are given by 

,(^,[CPi])' 



-8V2- 



di/j f )h coth ( i 



2h 



(5.4) 



When we consider only insertions of zero and two-observables, the integration over the 
torus is easily done and we obtain the following expression for the Donaldson invariants of 
(DP^ X Eg, which generalizes the expression obtained in [|T^0 for CP^ x (DP^: 



-m 



h{u' _ lypu+S-Tiu) (^2h'h{q){S, [Cpi]))%oth(z^^l|jpl 



(5.5) 
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If W2{E) = [CP^], one can analyze the lattice reduction as in including this nonzero 
flux, which gives extra phases in the lattice theta function. The effect of these phases is 
simply to change the coth(^z(S', [€P^])/2h^ in (^) by -icsc({S, [CP^])/2/ij, and we then 
obtain the generating function for CP^ x Fg and with W2{E) = [€P^]: 



-16 



(5.6) 



where we have included only zero and two-observables. 

For applications to Floer theory and Gromov-Witten theory the most interesting 
chamber is on the other side of the Kahler cone, namely when 9 —>■ — oo giving a very 
small volume to Fg . We can obtain the Donaldson invariants for this chamber by summing 
over all the wall-crossing discontinuities. In general, denoting the lift 2Ao of W2{E) by 
-^0 = + |e2[-fg] with ei,2 = 0, 1 we have walls at u ■ Xn,m = where : 

Xn,m = (n + ^ei)[Cpi] + {m + ^e2)[Fg] (5.7) 



for (n + hei){m + ^£2) < 0, n, m G 2. i 



2-1;^'" I 2^ 

The inflnite sums over wall-crossings can be written explicitly in terms of modular 
forms using a result of Kronecker ||2^ : i 



00 CXD ^ ^ 

mnl 2Tri(ndi+me2) _ -27ri(n6li+m6l2)l = _1 j I 

m=l n=l ^ 

-irf{T)- 





r) 






r) 



We will consider in detail the cases 2Ao = [CP^], 2Ao = [CP^]-|-[Fc,], which are relevant 
for the Floer cohomology of Fg x as well as to the quantum cohomology of the 



moduli space of stable bundles over Fg @[^. We consider only insertions of zero, one, 
and two observables {i.e. we put E"^ = 0). As W2{X) = for product ruled surfaces, the 
only A-dependent factors in the wall-crossing expression ( |3.16| ) are 

9-"'/'exp[-i(^,A)], (5.9) 



We require A'^ < rather than A'^ < because the "walls" at A'^ = are on the light-cone, 
and are never crossed when moving from one chamber to another. 



Curiously, this identity showed up in recent studies of elHptic quantum cohomology, [23|. 
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where S has been defined in ( |2.14|) . Define now the formal variables 

2^9i=i([Cpi],S) = -i([Cpi],S), 

2.«. = -i(K].s) = -i(ra.s) + ^|n. 

The sum of wall-crossings can then be written, for 2Ao = [CP^], as 

oo oo 

_ ^ ^^m(n-l/2) |-g27ri((n-l/2)6>i+me2) _ g-27ri((n- l/2)ei +m6»2) j 



(5.10) 



m=l n=l 



^4(^1 + ^2 


r) 






r) 



(5.11) 



2 sin(7r^i 

and for 2Ao = [CP^] + [Fg] as 

00 00 

_ ^ ^ ^(m-l/2)(n-l/2) ^g27ri((n-l/2)ei + (m-l/2)6>2) _ g-27ri((n-l/2)9i + (m-l/2)02) j 

m=ln=l (512) 
99, (ft. ^oItI 

V(r)- 



^?l(^l+^2 


r) 






r) 



These explicit expressions are obtained from (|5.8| ) by shifting 6*1, 62 appropriately. The 
quotients of theta functions can be written in terms of Weierstrass a functions, as in the 



blow-up formulae of [26 



a{t), 



^'i(0|r) u;2 . . 

ff4^e-WV3(,, 

V4{0\t) 

where t = 0J2O and U2 corresponds to the a-period of the Seiberg-Witten curve, 0J2 = 
The value of the Weierstrass zeta function at uj2 can be written in terms of E2{t) as 

V2 = ^E2{r). (5.14) 

In fact, the terms in ( |5.13| ) involving 772 cancel the E2 factors in the wall-crossing formula, 
and the resulting expressions are modular forms of weight zero (after integrating on T^^). 

The coefficients in the expansion of the a functions only depend on the zero-observable 
u. After writing the Seiberg-Witten elliptic curve in Weierstrass form, one has that 

^2 = 4(y-4), ^3 = ^(^-4), (5.15) 
18 



and the root relevant for ^^{t) is 63 = —u/12. We then have the expansions 



a(t) = t - + 

^ ' 24 • 3 ■ 5 



(5.16) 



Using (l5l3D we fine 









r)^?4(^2 


r) 



MO1+O2 


r) 






r) 



^^^-27,2^251^2 ^3(^1 +^2) 

V2 a(ti)a3(t2)' 

V5;^g-2r,2^2eie2 ^(^1+^2) 

4 f^3(ii)(^3(i2) 



(5.17) 



Using these expressions, we can obtain an exphcit answer for the Donaldson- Witten 
function of product ruled surfaces in the chamber where the volume of Fg is small. For 
2Ao = [CP^], we have to add the expression for the chamber where the volume of [CP^] is 
small, and the infinite sum of wall-crossing terms. When the volume of [CP^] is small, we 
have to use ( |5.4| ) but with the — zcsc^(S', [CP^])/2/ij function as in (pT6|). We then obtain 



2(75+l)/2(_,^)5 

iV2 



/i'""V2(?)-'e(2p+^)- 



^^3(^1+^2) 



(5.18) 



where 



For 2Ao = [CPi] + [Fg] we obtain 

^DW ~ o ^ V 



-ITX 



Mi,) - 



/i^^"V2(g)"^e(2p+^)" 



(5.19) 



tT(ti +t2) 
Cr3(tl)cr3(t2) 



(5.20) 



As a check of ( |5.20|) , one can easily derive, using the expansion of the a functions, the 
result 

p[CP^]+[Fi]^(j((Cpi))2)^_2^ ^521) 

where D^'^^ ]+[^i] denotes the Donaldson invariant in the chamber vol(Pi) 0. This 
agrees with the computation in 0. 
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Recently the proof of the Atiyah conjecture on the relation of symplectic and instanton 
Floer homology has been completed ||2^ . It is possible that the above expressions can 



be used to give another proof of this conjecture. In fact, 

r,{[CP'],[CP'] + [F,]) _ ^[CP^] ^ICP'] + [F,] , s 

is a generating function for the Gromov-Witten invariants of the moduli space of flat 
connections P][^||2^[^. In the simple case fi* = 1, one finds that 



p([CP^],[CP^]+[Fi])^;^^ ^ 'j^{[CP^l[CP^]+[F^])^Q^ ^ 2, (5.23) 

where O is the zero-observable. Taking into account that the generator of the quantum 
cohomology of the moduli space of fiat connections on Fi (or of the Floer cohomology of 
Fi X S^) is given by /3 = —4(9, we obtain the relation /3 = 8, which is the first quantum 
correction to the classical cohomology ring in genus one. 
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